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God completes the favors of In this sign
wisdom, from the city of Trier you will conquer

NCMA, Prague, Czech Republic, August 17-18, 2017
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Regular Matrix Grammars

A two-dimensional right-linear grammar (2RLG) [G & R 97] is defined by a 7-tuple
G=WV,,V,,X5,%,S, Ry, R,), where:

V}, is a finite set of horizontal nonterminals;
V, is a finite set of vertical nonterminals;

> ;1 C V, is a finite set of intermediates;
>_ is a finite set of terminals;

S € V is a starting symbol,

Ry, is a finite set of horizontal rules of the form V. — AV'orV — A,
where V, V' € Vj,and A € X ;;

R, is a finite set of vertical rules of the form W — aW’'or W — a,
where W, W' € V,and a € %.

Original definition of a 2RLG (under the name of regular matrix grammar (RMG)) and
properties of the corresponding class of picture languages, traditionally called regular
maitrix languages (RML), [Siromoney et al 72]. We use Ls(RMG) for convenience.
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Example

:>Sl =>8 51515151513151315'1 —

A (RMG) G = (Vy,, Vo, 21,2, S, Ry, Ry),
where:
o V;, ={5,}; Vi, ={51,B, 5>, C};
o X ={51,5}CVy, (VZnX;=10)
> ={,x} 5 €W
QRhZ{ —>Sl , —>S1 ,
—>SQ};
e Ry =451 — B, B— B, B —x,
So — xC, O — xC,C — x}.
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Useful Unary Operations

a1 ar2 ... Qa1n
a a . e a
fw= “21 %22 - 2" then
a/m)l am72 e o o a,m’n
a/]_,l a/2,1 o o a/m,l CLm)n o o o a/m72 a/m,]_
a a ... A : ' : :
TW)= "12 722 -0 B2 gnd HW) =
: . .. . aQ,n . .. CL2,2 CLQ)]_
a/]_)n CLQ’n ... am’n a/l,n ... CL]_,Q a,]_’l

These operations are lifted to array languages and
even to families of array languages in a natural way.

T(Ls (RMG)) = ?
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Boustrophedon Finite Automata

e Introduced by [H. Fernau et al 2015].

e Finite automata working on rectangular-shaped arrays (pictures).
This automaton model reads the input, line after line,
alters the direction, when the boundary is encountered.

# a c k n o #

— > = 7 7 — #0O00000#

# g d e 1l w # # g deUU##

e e e e e

# e m e n t # # ement #

e e e
Theorem 1. T(Ls-(RMG)) = Ls (BFA).
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(Regular : Regular) Array Grammars

A (Regular : Reqgular) Array Grammar (R:R)AG is defined by a 8-tuple
G = (S, Vn, Vi, 22, Py, P, T, 7‘), where:

e Vy is a nonterminal alphabet with a distinctive start symbol S € Vy;
V7 is an intermediate alphabet, disjoint from Vy;
> is a terminal alphabet, disjoint from Vi U V7;

e Py is a set of non-terminal rules
either of the form A — X B (right-linear),
or of the form A — BX (left-linear), where A, B € Vy and X € V7p;

e P;is asetofrules of the form A — X, with A € Vy and X € V;
e m: Vi — Ly (RMG) U Ly (BFA);

e 7: Py — {6,0}suchthat 7(p1) = 7(p2)
implies that p; is right-linear if and only if p> is right-linear.
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(Regular : Regular) Array Grammars

A (Regular : Reqgular) Array Grammar (R:R)AG is defined by a 8-tuple
G = (S, Vn, V1,2, Py, P;,m,7), Where:

Vi is a nonterminal alphabet with a distinctive start symbol S € Vy;
V7 is an intermediate alphabet, disjoint from Vy;
> is a terminal alphabet, disjoint from Vi U V7;

Py is a set of non-terminal rules

either of the form A — X B (right-linear),

or of the form A — BX (left-linear), where A, B € Vy and X € Vi;
Py is a set of rules of the form A — X, with A € Vy and X € V;
7. Vi — Ls(RMG) U Ls(BFA);

7 Py — {6,0} such that 7(p1) = 7(p2)
implies that p; is right-linear if and only if p> is right-linear.

We denote the corresponding class of picture languages, as L((R : R)AG) which was
called as (Regular : Regular) Array Languages (R:R)AL [Siromoney et al 73].
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Example

A (R:R)AG generating the staircase of x’s of a fixed proportion is defined
as G = (S, VN, VI, 2, PN) PIa T, 7‘), where

o VN — {S, A}, V] — {XT,X_>,X}, 2. = {X, 0},
Py = {S — AX 5, A — XTS}’ Pr = {S — X},

o 7:V; — Ly (RMG) U Ls(BFA) is given by
m(Xp) ={(:: )"0 (2) | n> 1}
m(X=) ={(eex)0(2s8)n|n>1}and 7(X) =

X
X.
XX XX

o 7: Py — {6,0} is given by
7(S =+ AX-) =0and 7(4A — X4S) = ©.
Here 7(S — AX) # 7(A — X,.5).
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Staircase Example

To obtain

i

"

"

P4 Pa

00 <00
o0 <X 00

® @ X X
0000 <00
0000 <00
0000 XXX

the corresponding tree:
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(&4 X, i1
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X, .t
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Two Types of (R:R)AL
Definition 2. An (R:R)AG G with |7(Py)| = 2 is called &-left, O-right
o fA— BX € Pythent(A — BX) =6,
o fA— XBe€ Pythent(A— XB) = Q.
o-left, O-right (R:R)AG describes the language family L5_/ o—((R : R)AG).
Definition 3. An (R:R)AG G with |T(Px)| = 2 is called ©-left, ©-right
e fA— BX € Pythent(A — BX) = Q,
e fA— XBe¢c Pythent(A— XB) = 6.

O-left, ©-right (R:R)AG describes the language family Lo/ o_»((R : R)AG).

Note: Staircase Example is generated by some O@-left, ©-right (R:R)AG.
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Results

Lemma 4.
LR :R)AG) = Lg_po—r((R:R)AG)ULy ¢ o—r((R:R)AG).

Lemma 5. (a) A regular string language corresponds to a language of
single-row arrays generated by RMG.

(b) A reqular string language corresponds to a language of single-column
arrays generated by RMG.

Corollary 6. (a) A regular string language corresponds to a language of
single-row arrays accepted by BFA.

(b) A reqular string language corresponds to a language of single-column
arrays accepted by BFA.

Remark 7. A language of single-row (column) arrays is in both families
ﬁ@_@)@_r((R . R)AG) and[:@_g,@_r((R . R)AG)
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Results
News: L(RMG) is not closed under &, L(BFA) is not closed under .

Consider the classes L(RMG) & L(RMG) and L(BFA) © L(BFA) and
therules S — X1 A and A — X5 with

either 7(X1),n(X5) € LIRMG) and 7(S —+ X1A) =6

or m(X1),m(X5) € L(BFA) and 7(S — X1 A4) = O.

(L(RMG) & L(RMG)) C Lg_r.6((R : R)AG)
and (L(BFA) © L(BFA)) € Lo_¢¢_r((R : R)AG).

Lemma 8.
(LIRMG) & LIRMG)) U (L(BFA) © L(BFA))
C Loro—r((R:R)AG)NLp_ypo—r((R:R)AG).
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Results
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Lemma 9. (£(RMG)OL(RMG)) C (L(RMG)SL(RMG)SL(RMG)).
Corollary 10. (L(BFA)DL(BFA)) C (L(BFA)DL(BFA)DL(BFA)).
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Results

Recall; For k, k' € N, by W* we denote the k-fold column-concatenation
of the given array W, by W,. we denote the k-fold row-concatenation of W'

Theorem 11. Foreach k > 1, we have:
L(RMG)), € LIRMG)y11, as well as L(BFA)F ¢ L(BFA)FTL,
As (fixed) finite catenations of a single type can be expressed both by

Lo_ro—r((R:R)AG)andby Lg_y o_,((R: R)AG), we conclude:

Corollary 12. Forany k > 1,
LRMG)RUL(BFAY C Loy ((R:R)AG)NLy 4o ((R:R)AG).
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Results
Theorem 13. L((R : R)AG) is not closed under union.

Proof Idea:

Recall L = {O}i O{1}4+ @ {O}i
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Let L = ( oLS )DL . L can be described by some
O-left, ©-right (R:R)AG (see end of page 125). Note that H(L) = T(L) ©
Lo (T(L)e LeT(L)).

Lemma14. Loy . ((R:R)AG) and Ly o, ((R: R)AG)
are closed under union.
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Regular Array Grammars

Isometric Approach: =+
Non-Rectangular Arrays

Non-lsometric Approach: Zi

Rectangular Arrays
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Isometric Regular Array Grammars

An isometric reqular array grammar (IRAG) is defined by a 5-tuple
G = (N,X,P,S,#), where:

e N - nonterminal alphabet; 3>_ - terminal alphabet;
P - set of rules; S € N - start symbol; # - blank symbol;

e Every rule from P is of the form

## B A a
#A — Ba , A# — aB , A—> ,

. #_>B’Or A—a ,
where A,B € Nanda € .
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Example of an IRAG

IRAG using all four types of movements: Consider the array language L the set of all
square pictures of diagonal lines from the upper left corner to the lower right corner where
the elements in the diagonal are 1 and the other elements are 0.

The IRAG G = (N, 2, P, S, #) such that Lg.+(G) = L is defined as:
N = {S,A,B,C,H,E,F}, 2 = {0,1}, P = P; U P, U P3 where

: A . #F A : . . B 1
pp={1: % 2 : 4 R
1 = { Lo A—>O,3 #A— BO , #B > B0 , 5 g
. ¢ 0 : : . # E
o : #—>C,7. C# —-0H ,8. H#—-0H , 9: A
. # A . F 0 : : .
a . E—>1,b. #—>C,C. s_>1},P2:{d.F—>O}andsz{f.E—>1}.
1 44 0440440440 <30
1 440440 +420+<«+30 s T
\1/5 T2 0] 1(—40<—40(—3O 0]
0 1 440 430 0 b 1s 15 15
o Is T2 T2 0 0 1 +30 0 0
n=2>5 0 0 1y 0 0 n=06: l b Is Ta T2 T2
de o To Ta T2 0 0 Od 1 0 0
0] 0 —; 0 1 0] e e To Ta T2
ls To ™ 0 0 =7 0 —5 0 1 0
0 =70 —5 0 —5 0 1 ls To ™

0 =70 =5 0 =5 0 —5 O 1
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More Results

Lemma 15. A language of single-row (column) arrays generated by some
IRAG corresponds to a regular string language.

Definition 16. Semi-holes are some blank symbol surrounded by three ter-
minal symbols and one blank symbol on its four sides, or by two terminal
symbols and two blank symbols. Holes are some blank symbols com-
pletely surrounded by terminal symbols.

Lemma 17. Each BFA can be simulated by some self-delimiting IRAG.

Lemma 18. Each BFA can be simulated by some IRAG that scans a picture
with a fixed left border, starting in any corner and ending in a different
corner of the array, assuming that the picture is big enough.
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Example for IRAG

Consider the array language

islatalotate]l Jetalatalatle
@ @ I DIIPIN @ DI
L L X X Ratatate] Ratatatad
L X L XX Jatata] Rotatad
00000000 < <0 X
0000000000 <0<

s telatelal Folatalats
L X Ratototal Rotatats
L X X L Fotota] Ratots
000000 <0 <X
00000000 <0

-~

PP @ DI
L L Ratate] Jatote
0000 <0 XX
000000 <0<

-~

o telal Jatate'
(X Fota] Rates
0000 <0<

-~

tetad Rade
00 <0 X

oL Jo

/
\

as argued by [Siromoney et al 73] there is no (R:R)AG that can generate

this language L.

Next Slide: Attempt to define an IRAG for L.
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How to scan like IRAG: the picture Mg (on the left) and Mg (on the right)

MMM MM K | RN 0 XN RN K RN X

L7 U 1
e —o — K> W MWK N K 0K MM M KRR KEE N
T Tl T
[ e—>0—0—>X o] MR X—HK — N ® MoK M N> K— W
T T Lot l
[} 90— 0<{—0<—0<— O MM REEKR X K 0N IR o R o B el o R el o
T 1 T 4
[ [ ] [ e d ] o—> o OO0 XX NN —N ® KN X
T T LTl LT {
[ [ [ [ [ [ ] ®—>0 ®—>0 MKMW <N MK @ <X ML MW<4— X
LI S Ay N A T 1
° e o o o ° e o o o 00 —HN—IH— X 0 MN—oK— M
L S At Ay E A Lo 4
° e—>e e—e e —e e—>0 o —He—e e<—o — 0 <—M 3
T LT A
@ {00 0i—0+— @ {0000 {00+ | @ 0 0 04— @+ K

K —>N—N K—aoHK—> X | KK @ | NIRRT N FPHRIHRIHIN— W
Lot U !
o —0 — K W K<™ ~ <—O0<— X L IR mla R el o R el el R el o
Tl Tl Tl
[ ] O—>0—0—> X o] K—>K  — N — X [ KNI — N
T ) LT !
° 0<—0<{—0<i—0<— O MW <X <N K< @ <N MM MK N
Tl . Tl
° [ ) *o—e o— @ 0—0 —HH —SH—IHK— X ° KN —>N— X
R NN Lo 4
[} ° ° ° ° [ ] e—0 [ ] e <— ™ W< MM MW
(R S A NS A N T
[ ] ®*e—0 *e—0 [ ] — @ [ ] [ ] [ ] — —> = O —>XK—r N
0 U !
<0< 00— 0<— O —eo<—e0 <« | @ 04— 04— 0 <0< 0 X< 0<— X
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More Results
Theorem 19. L((R : R)AG) C Lg.+:(IRAG).

Theorem 20. For a language of single-row (column) arrays L, the following are equivalent.

e L corresponds to a regular string language.

L € L(RMG) N L(BFA).

o L€ Lo 1o r((R:R)AG) N Lo ror((R:RIAG).

L is generated by some (R:R)AG.

L is generated by some IRAG.
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e Regular Matrix Grammars
e (Regular : Regular) Array Grammars
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Relation b/w language families

ERect(IRAG)
[
L(R:R)AG) =Ls 4o +((R:R)AG)U Ly 16 +((R: R)AG)

— T~

Lo vo0-+((R:R)AG) Lore-+((R:R)AG)
T~ _—

Lo vo-+((R:R)AG)N Ly re+((R:R)AG)
— —

(L(BFA) © L(BFA)) (L(RMG) 6 L(RMG))

I I
L(BFA) L(RMG)

~__ o

L(BFA) N L(RMG)
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X+ .-%X+---X-X+-.-X-XX.--X.
X X- XXX X X
X-X--X- X-X X

- XXX - X:---X-XXXX-
X...X-XX--X-X-.-X
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XXXXX-X-.--X--XXX--X---X-X.-..X

.X---%X.-+-.X-X+-..X-XX--X-X--X%.
X - XXXXX-XXXXX-X-X-X-XXX- -
X X--XXX:--X---X
X X X - XX X
X..-.X . X-X-.-X
- XXX X -X-XXXX-
X...X-XX.:--X-X.-..X
XXXXX - X-X-X-X.---X
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XXXXX-X-.--X--XXX--X---%X-X.-..X

X+ .-X-+..X-¥X+-..X-XX.-.-X-%X..-X%.
X XXXXX-XXXXX-X-X -X-XXX- -
.X+-.-%X+-+-.X¥-X-..X-X--XX-X..-X-
X X- - XXX.-X-.-X
X -X--X X-X.---X
X X X-X---X
X - X - X-X---X
- XXX X -X-XXXX-
X...X.-XX.-X-X...X
XXXXX-X-X-X-X.-.--X
X...X-X--XX-X...X
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X . ..X...X-X.-..X-XX.-X-X. -
X  XXXXX-XXXXX-X-X-X-XXX-_
.X...X...X-X.-..X-X-.-XX-X. -
X X+ .X-X+-+--X-X.-..X-X- ..
X X-- XXX X..-X
X.X-.-X XX - - - X
X...X XX - - - X
X...X XX - - - X
X - .. .XXX.--XXX-
- XXX X - X-XXXX-
X.-..X-XX--X-X..-.-X
XXXXX-X-X-X-X.--X
X...X-X--XX-X...X
X...X-X--.-X-XXXX.
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- XXXXX - XXXXX----o XXXXX  XXX.-X...-X
D GRS I I SR GrETED G
A ©.0 © D G G GRS GRS GRS (RN
D GRS GENEE R G GEPEPU (RN (RPN
X XXX - XXXXX- - X« « e XXX o v XXX v X .

Lol e Tl ot

XXXX - - XXXXX--.-- X -
X .« - XX+« v eueeo.X. .X..-+..X...X...X
XXXXX - XXXX:--.-. X - e o X - XXXXX
X .« XX+« euee.X. X .+.+.-+..X...X...X
XXXX - - XXXXX.-... XX ... XXX.--.-X X - .. X

XXX - XXXXX-X- .- -X

P T A
<

PP

<
<
<
<
P T A
<
>~
<
ol e e

X e .
XXXX -XXXXX
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